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Abstract
We use a multivariate hazard model to analyse the ratification behaviour of
ILO conventions by developing countries. The model accounts for two random effects: one at the country level, the other at the convention level. After investigating identification, we use a semi-parametric Bayesian approach
based on the partial likelihood. We find diverging results between Bayesian
and frequentist estimates concerning the importance of the two unobserved
heterogeneities.
Keywords: Gibbs sampling, partial likelihood, frailties, duration analysis.
JEL Classification: C11, C14, C15, C41, D78, J80, O19

Résumé
Nous utilisons un modèle multivarié de hasards pour analyser le comportement de ratification des pays en voie de développement. Le modèle comprend deux effets aléatoires: l’un au niveau du pays, l’autre au niveau de la
convention. Après avoir établi l’identification, nous utilisons une approche
bayésienne semi-paramétrique reposant sur la vraisemblance partielle. Les
estimations bayésiennes et fréquentistes fournissent des résultats différents
quant à l’importance des deux hétérogénéités non observées.
Mots-clés: échantillonnage de gibbs, vraisemblance partielle, effets aléatoires, modèles de durées.
Classification JEL: C11, C14, C15, C41, D78, J80, O19
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Non-technical summary
In this paper, we focus on models describing the transitions from one state
to another over time. The individuals and destination states are assumed
to have unobserved characteristics. Fixed and random effects models have
been used in similar contexts. The advantage of the fixed effects approach
is that it is easy to implement and require weaker assumptions than the
random effects approach. A general way to deal with fixed effects is provided
in Kalbfleisch and Prentice [1980]; Yamaguchi [1986]; Ridder and
Tunalı [1999]. As explained in Therneau and Grambsch [2000], the
disadvantages of their approach are that the magnitude of the frailties cannot
be estimated directly and the precision of the estimates decreases with the
number of strata.
In our application, we are dealing with a case where the number of
grouped observations in the data is relatively large and, therefore, consider
modelling by random effects only. We study the ratification of International
Labour Organization (ILO) conventions by developing countries. There are
currently 187 conventions in many different subject areas which may be voluntarily ratified by member states. We assume that ratification behaviour is
influenced by unobserved characteristics both of countries and conventions.
The presence of the convention effects stems from the fact that some conventions may be more easily ratified than others. For instance, conventions
grant countries different degrees of flexibility or differ in complexity.
Random effects allow deeper understanding of the unobserved heterogeneity, as the estimation of the parameters of the frailty distributions leads
to the possibility of comparing the importance of the various group effects.
This comes at a price: the need to specify distributions for the frailties.
In previous work on the ILO case, Boockmann [2001] restricts attention to a country fixed effect, and applies Ridder and Tunalı ’s [1999]
estimator. He provides some justification for the choice of random effects for
the sample of developing countries. Horny [2001] extends the approach to
two random effects. Using the same dataset as Boockmann [2001] and the
EM algorithm, Horny [2001] meet serious convergence problems. They
conclude that the EM algorithm, while working satisfactorily on simulated
data, is not well suited for this dataset of ILO conventions. Horny [2009]
presents a version of the EM algorithm that is both faster and more stable
than previous ones, and achieves convergence with this dataset.
However, Therneau et al. [2003] produce evidence pointing to underestimation of the importance of unobserved heterogeneity in such EM
estimation. Rodriguez and Goldman [2001] compare several estimation
procedures, and report the underestimation of the importance of both fixed
3

and random effects except for maximum likelihood and Bayesian estimators.
In this paper, we apply a semi-parametric Bayesian approach to a Cox
model with two random effects. We also show that the model with two
frailties is identified if each realization of the random effects is shared by at
least two observations. To achieve this result, we require weaker assumptions
than the bulk of the literature.
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Résumé non-technique
Nous nous intéressons dans ce papier aux modèles décrivant les transitions
entre deux états survenant au fil du temps. Les individus et destinations
sont supposés dotés de caractéristiques inobservées. Des modèles à effets
fixes et aléatoires ont été utilisés dans des contextes similaires. Les effets fixes ont pour avantage de supposer des hypothèses moins restrictives
que les effets aléatoires. Des manières générales de spécifier des effets fixes
sont fournies dans Kalbfleisch et Pentice [1980], Yamaguchi [1986],
Ridder et Tunalı[1999]. Comme expliqué dans Therneau et Grambsch [2000], l’inconvénient de l’approche par effets fixes est que l’ampleur de
l’hétérogénéité non observée ne peut pas être estimée directement et que la
précision des estimations décroît avec le nombre de strates.
Dans notre application, nous nous intéressons à un cas où les observations
sont réparties en différents groupes, et où le nombre d’observations au sein de
chaque groupe est relativement important. C’est pourquoi nous considérons
une modélisation comprenant des effets aléatoires. Nous étudions la ratification des conventions de l’Organisation Internationale du Travail (OIT) par
les pays en voie de développement. Il existe actuellement 187 conventions sur
différent domaines, qui peuvent être volontairement ratifiées par les membres
de l’OIT. Nous supposons que le comportement de ratification est influencé
par des caractéristiques inobservées des pays et des conventions. La présence
d’un effet aléatoire au niveau des conventions correspond à l’idée que certaines conventions sont plus faciles à ratifier que d’autres. Par exemple, les
conventions diffèrent dans leur complexité, ainsi que dans leur flexibilité.
Les effets aléatoires permettent une compréhension plus profonde de l’hétérogénéité
non observée, car l’estimation des paramètres de la distribution des effets
aléatoires permet de comparer l’importance des caractéristiques inobservées
propres aux différents groupes. Ceci à toutefois une contrepartie: le besoin
de spécifier des distributions pour les effets aléatoires.
Dans une étude antérieure sur l’OIT, Boockmann [2001] se concentre
sur un effet fixe au niveau des pays et applique l’estimateur de Ridder
et Tunalı [1999]. Il justifie également le choix d’effets aléatoires pour
l’échantillon de pays en voie de développement. Horny [2001] étend ce
travail en utilisant deux effets aléatoires. En utilisant les mêmes données
que Boockmann [2001] et un algorithme EM, Horny [2001] rencontre
de sérieux problèmes de convergence. La conclusion en est que l’algorithme
EM, bien que fonctionnant de manière satisfaisante sur données simulées,
n’est pas approprié pour ces données de ratification des conventions de l’OIT.
Horny [2009] présente une version de l’algorithme EM qui est à la fois plus
rapide et plus stable que les versions antérieures, et obtient la convergence
5

des procédures numériques sur ces données.
Toutefois, Therneau et al. [2003] fournissent des éléments indiquant
que l’algorithme EM tend à sous-estimer l’importance de l’hétérogénéité non
observée. Rodriguez et Goldman [2001] comparent plusieurs méthodes
d’estimations et concluent à une sous-estimation des effets fixes et aléatoires,
hormis pour l’estimateur du maximum de vraisemblance et l’estimateur bayésien.
Dans ce papier, nous utilisons une approche bayésienne semi-paramétrique
pour estimer un modèle de Cox à deux effets aléatoires. Nous montrons également que le modèle à deux effets aléatoires est identifié si les réalisations de
chacun des effets aléatoires sont partagées par au moins deux observations.
Ce résultat est obtenu avec des hypothèses moins contraignantes qu’une large
partie de la littérature sur les modèles de durée.
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1

Introduction

In this paper, we develop an approach for modelling unobserved heterogeneity in a duration model for the case where each cross-sectional unit (individual) faces a number of distinct but comparable risks. Both individuals
and risks are assumed to have unobserved characteristics (sometimes referred to as frailties in the survival literature). Fixed and random effects
models have been used in similar contexts. The advantage of the fixed effects approach is that it is easy to implement and that it does not require
assumptions on the joint distribution of observed covariates and unobserved
heterogeneity. A general way to deal with fixed effects is stratified partial likelihood (Kalbfleisch and Prentice, 1980; Yamaguchi, 1986; Ridder
and Tunalı, 1999). As explained in Therneau and Grambsch [2000],
the disadvantages of stratified partial likelihood are that the magnitude of
the frailties cannot be estimated directly and the precision of the estimates
decreases with the number of strata.
In our application, we are dealing with a case where the number of strata
is relatively large and, therefore, consider modelling by random effects only.
We study the ratification of International Labour Organization (ILO) conventions by developing countries. There are currently 187 conventions in many
different subject areas which may be voluntarily ratified by member states.
We assume that ratification behaviour is influenced by unobserved characteristics both of countries and conventions. The presence of the convention
effects stems from the fact that some conventions may be more easily ratified
than others. For instance, conventions grant countries different degrees of
flexibility or differ in complexity. As a consequence, clustering occurs at two
different hierarchical levels.
Random effects allow deeper understanding of the unobserved heterogeneity, as the estimation of the parameters of the frailty distributions leads
to the possibility of comparing the importance of the various group effects.
This comes at a price: the need to specify distributions for the frailties, most
often assumed to be independent of the covariates. In this vein, Guo and
Rodriguez [1992] consider the proportional hazard model with one frailty
term and, assuming a piecewise constant baseline hazard, focus on efficient
parametric estimation of observed covariate and frailty effect parameters.
Following Louis [1982], they use an accelerated Expectation-Maximization
(EM) algorithm (Dempster et al., 1977). The case of two frailties is presented in the survey of Liang et al. [1995]. These can be nested, as in
Gustafson [1997]; Sastry [1997] or Milcent [2003] where several individuals share a common frailty. Sastry [1997] extends this approach to
the case of a Cox model (Cox, 1972) with two nested random effects. Bol7

stad and Manda [2001] propose a Bayesian approach to estimate Sastry’s
[1997] model.
In previous work on the ILO case, Boockmann [2001] restricts attention to a country fixed effect, and applies Ridder and Tunalı ’s [1999]
estimator. He provides some justification for the choice of random effects for
the sample of developing countries. Djurdjevic [2000] extends the approach of Guo and Rodriguez [1992] to the partial likelihood framework,
relaxing the assumption of a piecewise constant baseline hazard. Horny
[2001] generalizes this to a Cox model with two nested random effects estimated through partial likelihood, extending also Sastry [1997]. Using the
same dataset as Boockmann [2001] and the EM algorithm, both Djurdjevic [2000] and Horny [2001] meet serious convergence problems. They
conclude that the EM algorithm, while working satisfactorily on simulated
data, is not well suited for this dataset of ILO conventions.5 Horny [2009]
presents a version of the EM algorithm that is both faster and more stable
than previous ones, and achieves convergence with this dataset.
However, Therneau et al. [2003] produce Monte Carlo evidence pointing to underestimation of the importance of unobserved heterogeneity in such
EM estimation. Considering logistic regression, Rodriguez and Goldman
[2001] compare the maximum likelihood, marginal quasi likelihood, penalized quasi likelihood and Bayesian approaches using clustered data. Except
for maximum likelihood and Bayesian estimators, they report underestimation of the importance of both fixed and random effects. Although bias can
be removed by bootstrapping, the procedure proves to be computationally
more intensive than Markov chain Monte Carlo estimation and sometimes
fails to converge.
In this paper, we investigate Bayesian estimation of this type of model.
We apply a semi-parametric Bayesian approach, based on partial likelihood,
to a Cox model with two non-nested random effects. We base inference on
partial likelihood for two reasons. First, this flexible semi-parametric approach does not require specifying the baseline hazard. Second, for a model
with time-varying covariates as in our application, Lancaster [1990, pp.
272-274] shows that the joint distribution of durations and explanatory
variables can be written as the product of the partial likelihood and a factor
which is independent of the survival indicators under the exogeneity condition. “This is a most important conclusion because it shows that econometric
5
Lancaster [1990] explains why such problems can occur when the likelihood is
bounded and when the variance of the random effect tends to zero. But here the problem
goes in the opposite direction: the variance becomes large enough to create numerical
difficulties. Bolstad and Manda [2001] trace these back to inaccurate rounding in case
of high variance.

8

inferences in models with time-varying covariates must generally be partial
likelihood inferences, even when the hazard is specified fully parametrically”
(Lancaster, 1990, p. 274).
We show that the model with two frailties is identified if each realization
of the random effects is shared by at least two observations. To achieve this
result, we do not need to assume that the frailties are independent of the
covariates or that they have finite mean, in contrast with the bulk of the
literature on duration models with random effects. To estimate the model,
we use the approach described by Kalbfleisch [1978] justifying the partial
likelihood approach in the Bayesian paradigm. After the full specification of
the model, we estimate the parameters using Gibbs sampling.
The paper is organized in 5 sections. Section 2 describes the data. Section 3 presents the Cox model with two random effects (see Sastry, 1997)
and two special cases: the Cox model with one random effect (see, for example, Lancaster, 1979) and the Cox model without random effect, thereafter referred as the standard Cox model. In Section 4, we discuss the choice
of the prior distributions, the implementation of the partial likelihood, and
estimation using Gibbs sampling. The results are presented in Section 5.

2

Data

The dataset used for the empirical analyses provides information on the ratification behaviour of ILO conventions. We focus on a group of 80 nonindustrialized (or developing) countries (no OECD members). Our observation period is restricted to conventions that have been adopted over the
period 1975-1995. This covers 29 conventions for a total of 228 ratifications.
A description of this data can be found in Boockmann [2001].
Since we observe the date of adoption of any convention over the time
interval 1975-1995, we can use a flow sampling scheme to define the number
of days between adoption and ratification as the time unit of analysis. For
ease of computation in the practical part of this study, we set up the data
as if they were recorded every 15 days. However, the following descriptive
statistics show that this “aggregation” is unlikely to affect the results in any
significant way.
Given ratification, a convention is ratified 8 years after its adoption on
average. Substantial heterogeneity characterizes the timing of ratification:
nearly 20% of ratifications occur within 3 years after adoption while 20%
of all uncensored spells last over 13 years. These differences in ratification
behaviour also exist by countries. Table 1 shows the distribution of the
number of ratifications across countries. Three member states have ratified
9

Table 1: Number of ratifications
Number of ratifications
More than 12
9-10
7-8
5-6
3-4
1-2
0
228

Number of countries
3
3
1
10
17
20
26
80

more than a dozen conventions (Brazil, Mexico and Uruguay) and 6 countries
more than 8, while 26 members did not ratify any.
As regards conventions, some of them are ratified by a large number
of countries. For instance, Convention No. 144 on the role of tripartite
consultation in promoting international labour standards has been ratified
38 times, and Convention No. 159 on vocational rehabilitation received 25
ratifications. At the other extreme, Convention No. 143 on migrant workers
and Convention No. 157 on social security rights have been ratified by only
6 countries and 1 country, respectively. To assess the heterogeneity across
conventions, we performed a log rank test over the survival functions which
we estimated using the Kaplan-Meier nonparametric estimator. The test
statistic rejects the null hypothesis of equality across conventions. In view
of these results, we consider two types of random effects: a country-specific
effect and a convention effect, on top of the observed heterogeneity in the
regressors described below.
As regards observed heterogeneity, we consider three categories of explanatory variables: variables relating to the economic and administrative
costs and benefits of ratification, as well as to domestic political circumstances and to external pressure for ratification. These variables vary over
time and may take different values depending on country and convention.
Economic costs are captured by the level of GDP per capita and the ratio
of exports to GDP (taken from the Penn Tables and at 1985 international
prices in US-$). We expect that workers from richer countries have a higher
demand for labour standards which increases the ratification propensity. In
addition, we allow for a flexible specification by considering that GDP per
capita enters the hazard function quadratically. Higher-order polynomial
terms were found to be insignificant. The next two variables in this group
are dummy variables which indicate whether or not the convention under
10

consideration is an explicit update of an existing convention and whether
the country had ratified this “preceding” convention. We expect that previous ratifications make current ratification less costly. Symmetrically, nonratification of a previous convention makes ratification less likely. The last
variable in this category is total population, used as an inverse proxy for
per-capita administrative costs of ratification.
The second group of explanatory variables is composed of indicators for
internal political circumstances favouring ratification. The first one, taken
from Alvarez et al. [1996] and updated by Boockmann [2001], is a
dummy for democracies. A second indicator, derived from various internet
sources, equals one if the main legislative body is dominated by the political
left (Boockmann, 2001). Two further variables refer to the vote of the national delegates representing government and employers at the adoption of
the convention in the International Labour Conference. They are set as one
if the delegate voted against the convention or abstained. The vote of the
unions’ delegate is not taken into account, because it is in favour of adoption
for nearly 99% of the observations.
Variables capturing external pressure derive their justification from the
fact that, despite the voluntary character of ratification, some countries may
be influenced in their ratification decision by other countries or by international organizations such as the World Bank or the IMF. The higher the
dependence on these organizations or on other countries, the higher the external pressure that can potentially be applied. The amount of development
aid received each year by a country is the first explanatory variable of this
group. IMF lending and World Bank credits are additional variables capturing the external pressure effect. Lastly, we control for exports towards
industrialized democracies. This variable captures countries’ vulnerability
with respect to trade sanctions. The rationale is that trade sanctions would
most likely be applied by industrialized countries and not by other developing countries.6 To control for the fact that pressure is less likely to occur for
an oil exporter country, we interact exports towards industrialized countries
with an indicator variable for OPEC membership. All these variables are
measured in per cent of GDP.
An endogeneity problem arises if trade policies, or credits of the IMF and
the WorldBank, are used as rewards or sanctions regarding the decision to
ratify. To avoid such problem, we use a three year moving average lagged
one period for these variables.
6

Over the period considered, industrialized democracies are Australia, Austria, Belgium, Canada, Denmark, Finland, France, Germany, Greece, Iceland, Ireland, Italy, Japan,
Luxembourg, Netherlands, New-Zealand, Norway, Portugal, Spain, Sweden, Switzerland,
UK and the USA.

11

We also created a set of indicators to take account of differences between
the subjects of conventions. Table 2 shows the number of convention within
each subject group.
Table 2: Number of conventions per subject
Subject
Basic human rights
Employment
Labour administration
Conditions of work
Migrant workers
Special workers
Total

Number of conventions
4
3
3
5
2
3
29

Readers interested in more details on the choice of these variables or their
expected effect on the hazard function are referred to Boockmann [2001],
who also presents descriptive statistics and Kaplan-Meier estimates of the
ratification probabilities.

3

Mixed Proportional Hazard Models

In the following, we consider three different nested models belonging to the
Mixed Proportional Hazard family (hereafter referred to as MPH models),
which can deal with time varying covariates. We will first introduce the Cox
model with two random effects, and deduce the other two models, the Cox
model with one random effect and the standard Cox model, by imposing
restrictions. As a random effect represents a source of clustering between the
observations, the Cox model with two frailties takes account of unobserved
heterogeneity in the finest manner among the models we consider, while the
standard Cox model does not deal with it at all.
Before going into the details, it is useful to discuss the indexing and the
concept of time used here. Let i=1,..., I denote the country index, and
j=1,...,Ji the convention index.7 We denote by tij the time between the
adoption of convention j during the International Labour Conference and its
7

Due to the sampling scheme, the relevant conventions differ from one country to the
other. A complete notation would require introducing a function ji indexing the conventions relevant for coutry i as ji (1) , . . . , ji (Ji ). Still, the simplified notation introduced
above should not lead to any confusion.
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ratification by country i. In other words, tij does not denote calendar time
but the duration from the start of the ratification spell.
Van den Berg [2001] provides a complete discussion of the MPH model
and its properties. In this general framework, the hazard function is supposed
to be the product of three terms: a term of unobserved heterogeneity, a function of possibly time varying observed explanatory variables and a function
of time common to all individuals. The idea underlying the use of random
effects is that data are clustered in some way and a realization of a random
effect is common to all observations in the same cluster. The MPH model
allows us to represent unobserved heterogeneity in several ways.
We begin with the model where the unobserved heterogeneity term is
modelled as the product of two random effects: a country effect and a convention effect.8 There is no hierarchy in the clustering here. We assume the
two effects to be independent. In our case, this may be justified with respect
to the universality of ILO standards. At least officially, there are no ILO conventions intended for certain regions in particular. Observed durations are
assumed independent conditional on the covariates and both frailty terms,
and the hazard can be expressed as:
λij (tij |xij , ξi , ψj ) = ξi ψj λ0 (tij ) exp [β 0 xij (tij )] ,

(1)

where ξi denotes a country effect, ψj a convention effect, λ0 (tij ) the baseline
hazard which depends only on the time elapsed since the adoption of the convention under study, and β is a parameter vector common to all observations.
The hazard function can also be written:
λij (tij |xij , vi , wj ) = λ0 (tij ) exp [β 0 xij (tij ) + vi + wj ] ,

(2)

where vi denotes the log country effect and wj the log convention effect.
Elbers and Ridder [1982] show that identification of the MPH model
in a single spell setting requires independence between covariates and random
effect, as well as a finite mean for the latter. Honoré [1993] proves that both
assumptions can be relaxed in a multivariate setting if the realization of the
random effect is shared among at least two observations. In our setting, we
show in Appendix A that the model is identified without assuming E(A) <
∞, where A = ξi , ψj , or that A and xij are independent. The underlying idea
is that each random effect can be held constant depending on whether the
8

Considering the limited number of conventions, one could think of treating the
convention-specific effect as a fixed effect. However, previous estimations on this dataset
suggest that the empirical identification of the convention specific fixed effects is extremely
difficult.
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model is formulated for a given country or a given convention. We can thus
switch between these two viewpoints and use Honoré’s [1993] approach.
The identification result is obtained in a much more general setting than
the one considered in this application. First, we do not need to assume that
the mixing distributions have a finite mean. This allows us to specify improper priors. Improper priors are frequently used in Bayesian inference, as
the posterior distribution can be proper even though the prior is not. However, the finite mean assumption will still be maintained in this paper in order
to simplify the computation to some extent. Second, the identification result
is obtained without covariates and allows the part of the hazard not depending on the unobserved heterogeneity, i.e. the baseline hazard, to vary for
each observation. As pointed out by Van den Berg [2001], covariates, and
especially time varying ones, ease identification in duration analysis. Therefore, once identification is achieved without them, we do not need to impose
more structure on the model if we want to consider time varying covariates
later on. Third, the model is identified without assuming independence between the random effects and the covariates. In the paper, we still assume
independence between frailties and covariates. It is possible to be more general and specify a model with an effect correlated with the covariates, and
an independent effect. However, our identification proof is non-constructive
and does not yield to an estimator of the potential association.
By constraining this model, we obtain the Cox model with one random
effect (used for example by Clayton, 1978, 1991, Guo and Rodriguez,
1992, and many others). If we set one random effect to 1 in equation (1),
the remaining level of unobserved heterogeneity can be used to represent
alternatively the convention effect or the country effect. As clustering at
the country level is finer than at the convention level, we specify the unique
random effect as a country frailty.9 The hazard can be written as follow:
λij (tij |xij , vi ) = λ0 (tij ) exp [β 0 xij (tij ) + vi ] .

(3)

The standard Cox model can be deduced by assuming that both random
effects are set to 1. The hazard function is:
λij (tij |xij ) = λ0 (tij ) exp [β 0 xij (tij )] .

(4)

As the Cox model with one random effect and the standard Cox model are
submodels of the one with two frailties, they are also identified.
9

Estimators deduced from models involving random effects converge for a number of
strata infinitely large (Ridder and Tunalı, 1999).
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Convention j ratified by country i at time tij contributes to the likelihood
through:
 Z tij

Lij (tij |β, λ0 , vi , wj ) = λij (tij ) exp −
λij (u)du .
(5)
0

A commonly used approach to estimate the Cox model and its refinements is
the partial likelihood approach.10 To proceed, we have to define the risk set
as the set of spells still not completed at the instant just before tij . This set
is denoted by Rij . Convention j ratified by country i at time tij contributes
to the partial likelihood through:
exp [β 0 xij (tij ) + vi + wj ]
.
0
(k,l)∈Rij exp [β xkl (tij ) + vk + wl ]

LPij (tij |β, vi , wj ) = P

(6)

Note that the baseline hazard cancels out, but the random effects do not,
as long as they take at least two different values in Rij . The complete and
partial likelihoods of nested models can be deduced from equations (5) and
(6) by ignoring the different random effects. The whole likelihood is obtained
in each case by taking the product of Lij or LPij over i and j.
Equations (5) and (6) are conditional on unobserved heterogeneity terms,
and we proceed by making assumptions on their distribution. A wide choice
is available for ξi and ψj : gamma distribution, inverse-gaussian, log-normal,
positive stable (see for example Clayton, 1991; Milcent, 2003; Gustafson,
1997 and Hougaard, 2000, respectively).11 We assume that the logfrailties vi and wj follow a Gaussian distribution, as McGilchrist [1993];
Sargent [1998]; Yau [2001]; Ripatti and Palmgren [2000]; Vaida
and Xu [2000] and many others. There are two motivations for this choice.
First, we have no reason to think that the log-frailties induce positive or negative deviations on the hazard. Thus, we assume a symmetric distribution.
Furthermore, the choice of a Gaussian distribution matches the view that
unobserved heterogeneity is due to a large number of unobserved country
i
and convention specific covariates.12 We suppose that {vi }Ii=1 and {wj }Jj=1
10

See Lancaster [1990] for a detailed discussion.
Alternative specifications include a discrete mixture model, implying a defective duration distribution, (a Heckman-Singer type approach with a mass point at an infinite
duration) to capture the unobserved heterogeneity of the 26 countries that did not ratify
any convention. This would also be feasible in a Bayesian framework. But here 20% of the
ratifications occur after 13 years and the high number of non-ratifying countries results
from the time interval constraint: the rates of transition are low but strictly positive, leading to more ratifications occurring as time passes. On a finite time interval, the truncation
of the duration distribution is modelled by the censoring mechanism.
12
We also tried to estimate a model with gamma distributions for the frailties but did
not obtain convergence.
11
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are independent and normally distributed:
vi ∼ N (0, τ 2 ), wj ∼ N (0, α2 ).

(7)

We make the zero mean assumption so that the effects represent deviation
from the mean.

4

Bayesian Inference

The parameters of the models presented are estimated using a Bayesian approach. We first need to combine the information carried by the data with
prior beliefs, in order to simulate draws from the posterior distribution using
MCMC methods. In this section, we explain the choice of the priors, the
form of the posterior, and the estimation procedure using Gibbs sampling.

4.1

Prior and Posterior Distributions

Inference is based on the partial likelihood, justified from the Bayesian viewpoint by Kalbfleisch [1978], and we recall briefly his approach in Appendix B. It enables to estimate the baseline hazard, while remaining in a
semi-parametric setting. Assume that β has an improper prior and that the
baseline hazard is distributed according to a gamma prior. This approach
is based on a limit argument in which both parameters of the gamma prior
tend to zero.
Following the requirements of the software we use, we specify proper priors but fairly uninformative ones. We assume independent priors for the
regression coefficients. We assign each of them a normal univariate distribution with mean 0 and variance σβ2 = 106 . Alternatively, one could think of
a multivariate normal distribution as prior but it would induce much more
complexity in the model, given that we would have to specify a variance
matrix for 22 parameters. We specify for the baseline hazard a gamma prior
with both parameters set to a = 0.001.13 This assumption implies an expectation equal to 1, which does not restrict the hazard because the term
β 0 xik (tik ) is not constrained, and a variance equal to 1000.
The precisions of both log-frailties (i.e. τ −2 and α−2 ) are assumed to
follow a gamma distribution with expectation one and variance equal to
c = 103 . The gamma distribution is a conjugate prior for the precision of the
Gaussian distribution (see for example Gouriéroux and Monfort, 1990,
pp. 381-382) and we choose it to speed up computation.
13

We refer here to the parameterization γ(α, λ) leading to an expectation equal to α/λ
and a variance equal to α/λ2 .
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Denote by T the vector of the durations and by M the number of observed
explanatory variables. The posterior density of the Cox model with two
frailties is:
"
# "
Ji
I Q
I
Q
Q
π(β, λ0 , α, τ |T ) ∝
Lij (tij |β, λ0 (tij ), vi , wj )f (λ0 (tij )|a)
f (vi |τ )
i=1 j=1

i=1
Ji
Q

#
f (wj |α)

M
Q

f (βm )f (α)f (τ ). (8)

m=1

j=1

On the basis of this posterior, we can deduce the special cases when we
consider the Cox model with one frailty and the standard Cox model. The
marginal posterior for β contains a factor equal to the partial likelihood, as
shown in Appendix B.

4.2

Parameter Estimation

An analytical solution for the posterior distribution is not easily available.
However, this distribution can be approximated using Markov Chain Monte
Carlo (MCMC) methods, especially Gibbs sampling. Reviews on MCMC
methods include Robert [1996]; Neal [1997] and Robert and Casella
[1999].
Gibbs sampling is an iterative procedure requiring to simulate at each
iteration draws from conditional distributions. The distribution of one random variable conditional on the other variables is proportional to the prior
distribution of that random variable times the conditional distribution of any
directly related variables. The conditional distributions are:14
1. Fixed effects
# I J
i
1 0 YY
λ0 (tij ) exp[β 0 xij (tij )]
f (β|T, ξ, ψ) ∝ exp − 2 β β
2σβ
i=1 j=1


Z tij
0
exp −ξi ψj
λ0 (u) exp[β xij (u)]du . (9)
"

0
14
Recall that vi = ln ξi and wj = ln ψj ; we still use both v and ξ (as well as w and ψ)
to obtain simpler expressions.
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2. Country effect



1 0
f (v|T, β, ψ) ∝ exp − 2 v v
2τ

Z
Ji
I Y
Y
exp −ξi ψj

tij



0

λ0 (u) exp[β xij (u)]du . (10)

0

i=1 j=1

3. Country effect standard error
f (τ |v) ∝

1
τ I+c+1

I
1 X 2
c
v
exp − − 2
τ
2τ i=1 i

!
.

(11)

4. Convention effect



1 0
f (w|T, β, ξ) ∝ exp − 2 w w
2α

Z
J
I
i
YY
exp −ξi ψj

tij



0

λ0 (u) exp[β xij (u)]du . (12)

0

i=1 j=1

5. Convention effect standard error
f (α|w) ∝

1
α

PI

i=1

Ji +c+1

Ji
I
1 XX
c
w2
exp − − 2
α 2α i=1 j=1 j

!
.

(13)

6. Baseline hazard
f (λ0 (tij )|β, ξ, ψ) ∝ λ0 (tij )a
exp [−λ0 (tij ) (a + ξk ψl exp [β 0 xkl (tij )])] . (14)
All densities from (9) to (13) are log-concave and draws are obtained with
an Adaptative Rejection Sampling (ARS) algorithm (see Gilks and Wild,
1992). The conditional posterior expectation of the baseline hazard is:
E[λ0 (tij )|β, ξ, ψ] =

a+

a
.
0
(k,l)∈Rij ξk ψl exp [β xkl (tij )]

P

(15)

As shown in Kalbfleisch [1978], the Bayesian estimator of λ0 is thus a
compromise between the Nelson-Aalen (maximum likelihood, see Nelson,
1969) estimator and a prior belief of strength a.
18

5

Results

In this section, we present the results for the three models. Two chains with
different initial values were run for each model. Previous runs indicated that
convergence for the variances is slower than for β. Thus we initially set the
regression coefficient to 0 for both chains and chose different values for the
variances: τ 2 and α2 were set to 1 for the first chain and to 50 for the second
chain. 11000 iterations were run for the standard Cox model, 12000 for the
model with a country frailty and 35000 for the model with two frailties.
We assess convergence using quantile plots and the Gelman and Rubin [1992] statistic, which compares the variances between and within the
Markov chains. Parallel chains are started from different initial values, which
are over-dispersed with respect to the posterior distribution. The variability
of the draws will initially be overstated by the variance between chains and
understated by the variance within chains. Both variances become closer as
the Markov chain converges. We concluded that 5000 iterations were necessary as a burn-in period for the models with no effects or one effect, and
10000 for model with two effects. Estimation was performed with a 2.5 Ghz
Pentium and it took three months for the Cox model with two frailties.15 All
posterior summary statistics are based on iterations of the two chains after
the burn-in step.
We also estimate the models using frequentist approaches and gamma
heterogeneity. Results are obtained by maximum partial likelihood for the
standard Cox model, by penalised partial likelihood for the model with one
frailty, as described in Therneau et al. [2003], and by the Expectation
Maximisation algorithm based on penalised likelihood (hereafter referred as
the EMPL algorithm, see Horny, 2009) for the model with two frailties.16
This approach yields a very fast algorithm, but the assumption of gamma
frailties is necessary for the use of penalised likelihood. In this respect, the
Bayesian approach is, in principle, more flexible, since it allows other choices
for the frailty distributions. However, we have not obtained convergence of
the Bayesian algorithm when specifying gamma frailties.
15

The computation times are fairly small using WinBUGS with moderately sized
datasets. However, other studies (see for example Brooks and Morgan, 2004), and
also our own experiments, suggest that the computational cost increases quickly with the
size of the dataset and the complexity of the model. Computation could also be speeded
up by including more informative priors, but at the cost of more subjectivity. Still, it
should not be expected that the Gibbs sampler is always faster than classical methods
like simulated ML, and Train [2003, Chapter 12, Table 12.2] documents cases where it
is indeed much slower.
16
They have been obtained using the software R 2.0.1, and the package ‘survival’ is required for penalised likelihood. R is a free software available at http://www.r-project.org/.
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Table 3 shows the estimates of the unobserved heterogeneity distribution
parameters. The results obtained with a frequentist approach are similar
Table 3: Estimates of the standard-errors of the log-frailties distributions
Type of heterogeneity
Parameter
Bayesian approach (gaussian frailties)
Simple: country effect
τ
Twofold: country effect
τ
convention effect
α
Frequentist approach (gamma frailties)
Simple: country effect
τ
Twofold: country effect
τ
convention effect
α

Median

2.5%

97.5%

0.49
0.49
0.85

0.42
0.42
0.66

0.57
0.57
1.12

0.53
0.53
0.26

0.45
0.45
0.23

0.68
0.68
0.33

Note: frequentist results are based on the asymptotic normal approximation of the distrition of estimated parameters.

to the Bayesian estimates as far as the country effect is concerned. But
we find a striking difference as regards the convention effect. Whereas the
Bayesian estimate of its standard error is about twice the result for the
country effect, the frequentist estimates are about half the result for the
country effect. Thus, we confirm the result of underestimation reported for
the country effect by Rodriguez and Goldman [2001] and Therneau
et al. [2003], but only for the convention effect. This point clearly deserves
further investigation.
Table 4 shows the posterior means and confidence intervals at the 5% level
for the β parameters for the three models, and results obtained with penalised
likelihood based methods are in Table 5. The entries “Log-likelihood with
penalty” in Table 4 are ingredients for the computation of Bayesian information criteria, whereas the entries “penalised log-likelihood” in Table 5 are the
optimum values of the objective functions.
In the following, we concentrate on the Bayesian estimates. Considering
cost variables, we see that the second and third models show many more
significant parameters than the first one. In particular, the dummy variable
indicating a new convention is significantly positive, while past ratification of
the convention now updated positively influences the hazard. This points to
the presence of dynamics in the ratification process. The models with frailties indicate a non-monotonic impact of real GDP per capita.17 Comparing
17

For both, the profile is an inverted ∪ with a maximum at a GDP per capita value of
about $6000, so that the relationship is essentially increasing and concave (the mean GDP

20

Table 4: Bayesian estimates of the β parameters
Variable
Cost
Real GDP per capitaa
Real GDP per capita,
squared
No explicit update
Own past ratification
if explicit update
Populationb
Internal pressure
Democracy
Left majority
Vote against convention:
Government
Employers
External pressure
Development aidc
Worldbank loansc
IMF creditsc
Exportsc
Exports into industrialized
countriesc
Exports into industrialized
countries (non oil exporting

Standard Cox
Mean 2.5% 97.5%

Cox: one frailty
Mean
2.5% 97.5%

Cox: two frailties
Mean 2.5% 97.5%

2.01
-2.24

-0.76
-5.46

4.92
0.77

4.00
-3.32

1.49
-6.25

6.71
-0.69

3.81
-3.19

1.12
-0.33

6.64
-6.29

0.53
1.50

-0.05
0.77

1.15
2.23

0.98
1.37

0.45
0.64

1.58
2.10

1.39
1.62

0.88
0.91

1.95
2.34

-0.05

-0.14

0.03

-0.01

-0.09

0.08

-0.02

-0.11

0.07

0.12
-0.39

-0.18
-1.04

0.43
0.19

0.36
-0.72

0.06
-1.37

0.67
-0.14

0.34
-0.69

0.04
-0.10

0.64
-1.33

-0.15
-0.15

-0.59
-0.56

0.33
0.28

-0.18
0.25

-0.62
-0.14

0.28
0.68

-0.22
0.38

-0.66
0.01

0.24
0.79

-0.06
-4.20
6.23
-0.76
-0.07

-0.11
-7.63
2.03
-3.64
-6.37

-0.03
-0.82
10.10
1.45
6.29

-7.43
2.55
3.61
-0.78
0.22

-11.69
-0.59
-0.24
-3.54
-6.20

-3.55
5.71
7.29
1.12
6.61

-7.65
2.00
3.96
-0.79
-0.18

-3.81
-1.11
-0.09
-3.76
-7.43

-11.85
4.97
7.62
1.21
6.96

-0.55

-6.13

5.28

-1.10

-7.14

5.00

-0.77

-7.51

6.07

0.19

-0.91
-1728
Yes
2349
228

1.30

0.26

-0.87
-1630
Yes
2349
228

1.50

0.25

-1.04
-1536
No
2349
228

1.65

countries)c

Non oil exporting country
Log-likelihood with penaltyd
Subject of convention
Number of spells
Number of ratifications

Note: Bold entries are significant at the 5% level. a. 1985 international prices, in $10 000. b. hundred milions.
c. percent of GDP. The other variables are indicators, and convention subject indicators are included for the
first two models. d. The penalty is d2 ln n, where d is the number of parameters and n the sample size.

with Boockmann [2001], we remark that we have the same significant cost
per capita in the sample is $2280).
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Table 5: Frequentists estimates of the β parameters
Variable
Cost
Real GDP per capitaa
Real GDP per capita,
squared
No explicit update
Own past ratification
if explicit update
Populationb
Internal pressure
Democracy
Left majority
Vote against convention:
Government
Employers
External pressure
Development aidc
Worldbank loansc
IMF creditsc
Exportsc
Exports into industrialized
countriesc
Exports into industrialized
countries (non oil exporting
countries)

Standard Cox
Coef.
2.5% 97.5%

Cox: one frailty
Coef.
2.5% 97.5%

Cox: two frailties
Coef. 2.5% 97.5%

3.84
-3.14

1.10
-6.08

6.58
-0.20

3.94
-3.19

1.20
-0.27

6.67
-6.12

3.06
-2.47

0.55
-5.29

5.57
0.35

0.96
1.37

0.40
0.66

1.52
2.08

0.90
1.38

0.33
0.67

1.46
2.10

0.90
1.38

0.37
0.68

1.43
2.09

0.01

-0.08

0.09

0.01

-0.08

0.10

-0.03

-0.13

0.07

0.37
-0.68

0.06
- 1.28

0.67
-0.07

0.39
-0.69

0.09
-1.29

0.69
-0.08

0.27
-0.62

-0.03
-1.23

0.57
-0.01

-0.19
0.23

-0.66
-0.17

0.27
0.64

-0.13
0.26

-0.60
-0.15

0.33
0.67

-0.09
0.24

-0.54
-0.15

0.36
0.63

-7.22
2.62
3.65
-0.16
-0.84

-11.25
-0.41
-0.14
-2.87
-8.10

-3.19
5.65
7.44
2.56
6.43

-7.22
2.74
3.49
-0.09
-0.85

-11.26
-0.30
-0.29
-2.72
-8.10

-3.18
5.78
7.27
2.54
6.39

-8.55
3.27
3.61
0.23
-2.50

-4.41
0.21
-0.25
-1.89
-9.93

-12.69
6.33
7.47
2.35
4.93

-0.67

-7.43

6.10

-0.78

-7.57

6.01

0.56

-4.08

5.20

0.13

-1.19
-2203
Yes
2349
228

1.44

0.16

-1.16
- 2156
Yes
2349
228

1.48

-0.02

-0.82
-2143
No
2349
228

0.86

c

Non oil exporting country
Penalized log-likelihood
Subject of convention
Number of spells
Number of ratifications

Note: Bold entries are significant at the 5% level. a. 1985 international prices, in $10 000. b. hundred milions.
c. percent of GDP. The other variables are indicators, and convention subject indicators are included for the
first two models.

variables in both studies.18
Turning to internal pressure variables, none of them is significant in the
18

Results for the Cox model differ between the two studies because Boockmann [2001]
included a time trend. We omit it here because simulated samples for this variable were
highly autocorrelated and this slowed down convergence.
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specification without frailty terms. Considering at least one frailty greatly
alters this conclusion. The democracy indicator has a significant positive impact. This result is plausible because individuals whose working conditions
are improved by ILO conventions, such as farmers and industrial workers, are
more likely to be politically represented in a democracy than in authoritarian
regimes. Surprisingly, the left majority indicator has a negative coefficient.
This is probably due to the fact that the left-right distinction is often inadequate to capture the domestic politics of developing countries. Government
voting has no effect on ratification. By contrast, a negative vote of the employer delegate increases the probability of ratification. These conventions
may be those that formulate the most advanced labor standards. Therefore,
trade unions may mobilise most political power for the ratification of these
conventions (note that the corresponding variable for worker delegate had
to be omitted, as discussed above). By contrast, Boockmann [2001] finds
no significant parameter in this category when controlling for unobserved
heterogeneity with fixed effects or stratification.
The next group of variables captures external pressure. Development aid
has a negative influence on the hazard, in particular if unobserved heterogeneity is controlled for. An explanation may be that countries receiving a
large amount of aid also have to cope with temporary economic problems
not accounted for by the other variables. As in Boockmann’s study, World
Bank loans seem to discourage ratification in the first model, but the effect
becomes insignificant in the models with frailties.19 IMF credits are also
insignificant in these models. Finally, there is no impact of potential exposure to trade sanctions measured as exports into industrialised countries. In
sum, the Bayesian results suggest that external pressure is nonexistent in the
ratification decision.
Surprisingly, the Bayesian estimates of the standard Cox model are rather
different from those obtained by maximum likelihood. A reason may be that
we have tied observations, handled with the Breslow approximation (Breslow, 1974) in the Bayesian approach and with the Efron approximation
(Efron, 1977) in the frequentist one. A detailed discussion on handling ties
in a partial likelihood framework is provided in Therneau and Grambsch
[2000, pp. 48-53]. Hertz-Picciotto and Rockhill [1997] show that
the Breslow approximation leads to underestimating β in the standard Cox
model, whereas the Efron approximation performs better but asks for more
computing time.20 We do not observe such differences for the other mod19

Here we note a divergence with the frequentist results, since in Table 5 the coefficient
of World Bank loans is insignificant except in the model with two frailties, where it is
positive.
20
In both cases, the ease of computation motivated the choice of the approximation.
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els, because the Bayesian results are not underestimated with respect to the
frequentists ones when unobserved heterogeneity is accounted for.
In order to compare the models on the basis of the Bayesian Information
Criterium (BIC, Schwarz, 1978), we computed log-likelihoods with penalty
equal to the log-likelihood minus half the number of parameters of the model
times the log of the number of observations. The BIC has been designed
to find the most probable model given the data, and it takes account of
Occam’s razor, i.e. the more parsimonious model is chosen when two models
fit the data comparably well. Wasserman [2000] reports that under mild
regularity conditions, the BIC approximates the log Bayes factor. If one sets
the prior odds of each model to be equal, the Bayes factor is the posterior
odds ratio of one model versus the other one. The BIC, obtained by taking
differences of the log-likelihoods with penalty, is equal to 98 when comparing
the standard Cox model to the model with one frailty, and 94 when comparing
the model with two frailties to the one with one frailty.21 The Bayes factor
between the last two models is thus exp(94), giving strong evidence in favour
of the model with two random effects. This result was not obvious ex ante,
because the model with two frailties does not include the convention subject
variables used in the other two models.

6

Conclusion

Our study uses a Bayesian approach to estimate MPH models with different
specifications of unobserved heterogeneity, the most detailed one using two
random effects. Rather than assuming a parametric form for the baseline
hazard, we use Cox’s partial likelihood semi-parametric approach to avoid
misspecification problems. This approach has been justified from a Bayesian
viewpoint by Kalbfleisch [1978]. After having established the identification of the models, we estimate them using Gibbs sampling. In order to simulate from posterior marginal densities, we also use other simulation-based
computational algorithms such as the acceptation-rejection sampling.
Our results confirm that it is important to control for the country under
study. Some unobserved explanatory country-specific variables seem to have
It is possible to use to Efron approximation in a Bayesian setting, as well as the Breslow
approximation in a frequentist approach, and to compare the results of the four models.
However, the expected results of such a comparison are likely to be outweighted by the
cost of the investment.
d −d
21
The formula is: BICij = ln Li − ln Lj + j 2 i ln n, where i and j are the models
indexes, L the likelihood, d the number of parameters of the model and n the size of the
sample.
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a large influence on the ratification behaviour. The Bayesian results also show
the presence of an even larger amount of heterogeneity among conventions.
They differ in this from the frequentist results, for which the heterogeneity between conventions is less important than the unobserved heterogeneity
between countries. Some of the conventions are very consensual among member states of the ILO or do not induce important economic or political costs.
Other conventions can be less easily ratified because they are more ambitious
and imply too important costs. Switching from the frequentist paradigm to
a Bayesian approach does not seem to influence other estimation results in
a major way, because the findings confirm most results from previous studies on ILO ratification behaviour, especially Boockmann [2001]. However,
frequentist approaches seem to understate the amount of unobserved heterogeneity, in contrast to the Bayesian approach. Further research efforts are
needed to understand this phenomenon.22
Acknowledgements: We thank Gerard Van den Berg, Mathieu Brezovski, Jean-Pierre Florens, Denis Fougère and Viktor Winschel for comments on previous versions of this paper. We also thank an anonymous
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A

Identification: proof

The proof is an extension of Honoré’s [1993] first proof to the case of 2
frailties. As we do not restrict the random effects to be nested, it is more
general than what is required for the models at hand. Consider the case of
two conventions submitted to country i. The model is:
λi,1 (ti1 |ξi , ψ1 ) = ξi ψ1 λ0,1 (ti1 ),
λi,2 (ti2 |ξi , ψ2 ) = ξi ψ2 λ0,2 (ti2 ).

(A.1)
(A.2)

This includes of course the case λi,1 (t) = λ0 (t) exp(β 0 xi ). The joint survivor
function for country i is:
Z
S(ti1 , ti2 ) = exp [−ξψ1 Λ0,1 (ti1 ) − ξψ2 Λ0,2 (ti2 )] dHξ (ξ)
(A.3)
ξ

= Lξ [ψ1 Λ0,1 (ti1 ) + ψ2 Λ0,2 (ti2 )] ,
22

A thorough comparison between Bayesian and frequentist approaches would ask for
the specification of identical mixing distributions in both frameworks. This is not feasible
with the data studied here, as the Bayesian estimator does not converge, for numerical
reasons, on this dataset in presence of gamma heterogeneity, and the penalised likelihood
estimator requires gamma heterogeneity.
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Rt
where Λ0,j (tij ) = 0 ij λ0,j (u)du, Hξ is the cumulative distribution function of
ξ and Lξ is the Laplace transform for ξ. Notice that S(ti1 , ti2 ) is observable
by taking a large number of observations for a population homogeneous with
respect to ψ1 and ψ2 . The way the population is clustered is known and
we can thus observe S(ti1 , ti2 ) for invariant ψ1 and ψ2 , that is for a group
defined by the intersection of the group characterized by ψ1 and the group
characterized by ψ2 . By differentiating (A.3) over ti1 and ti2 and taking the
ratio, we obtain:
0

ψ2 λ0,2 (ti2 )Lξ [ψ1 Λ0,1 (ti1 ) + ψ2 Λ0,1 (ti1 )]
∂Si (ti1 , ti2 )/∂ti2
=
0
∂Si (ti1 , ti2 )/∂ti1
ψ1 λ0,1 (ti1 )Lξ [ψ1 Λ0,1 (ti1 ) + ψ2 Λ0,2 (ti2 )]
ψ2 λ0,2 (ti2 )
.
=
ψ1 λ0,1 (ti1 )

(A.4)

Let us denote by k the quantity 1/λ0,1 (ti0 ), where t0 is a reference time.
Taking the ratio of the value of (A.4) at (ti0 , ti2 ) to the value at (t, ti2 ), we
obtain:
,
ψ2 λ0,2 (ti2 ) ψ2 λ0,2 (ti2 )
λ0,1 (t)
=
= kλ0,1 (t).
(A.5)
ψ1 λ0,1 (ti0 )
ψ1 λ0,1 (t)
λ0,1 (ti0 )
By integrating over time, we obtain kΛ0,1 (t) + c1 , where c1 is obtained by
the initial condition Λ0,1 (0) = 0. Then, Λ0,1 (t|Xi ) is identified up to normalization k. Similarly, one can prove that Λ0,2 (t|Xi ) is identified by taking the
ratio of (A.4) at (ti1 , ti0 ) over its value at (ti1 , t). As ψ1 and ψ2 are fixed,
the joint survivor function S(ti1 , ti2 |ψ1 , ψ2 ) depends only on time in a known
way. We can thus trace out Lξ by letting (t1 , t2 ) vary over [0, ∞[2 and Hξ is
identified.
Reverse now the viewpoint and consider the case of convention j submitted to two differents countries, indexed by 1 and 2. The model is:
λ1,j (t1j |ξ1 , ψj ) = ξ1 ψj λ0,1 (t1j ),
λ2,j (t1j |ξ2 , ψj ) = ξ2 ψj λ0,2 (t2j ).

(A.6)
(A.7)

The model is exactly the preceding one where ξ and ψ have been reverted,
and we have thus the identification of the distribution of ψ.

B

Implementing the partial likelihood

We recall here the justification of the partial likelihood in a Bayesian setting
described in Kalbfleisch [1978]. Let us denote by δij an indicator equal
to one if a ratification is observed at time tij . Assume that δij follows a
26

Poisson distribution with parameter λij (tij |xij , ξi , ψj ). The contribution to
the likelihood of convention j ratified by country i at time tij is:


X
LP oisson (δij |ξi , ψj ) = λij (tij |xij , ξi , ψj )δij exp −
λkl (tij |xkl , ξk , ψl ) .
(k,l)∈Rij

(A.8)
This last equation is exactly the likelihood of a duration model with hazard
λij (tij |xij , ξi , ψj ). Assume that the baseline hazard has a gamma prior with
parameters cλ∗0 (t) and c, where λ∗0 (t) is a prior guess on λ0 (t), and integrate
it out:
"
Z ∞
Ji
I Y
Y
∗
λ0 (tij )cλ0 (t) exp − λ0 (tij )
π(β|λ∗0 , v, w, c) =
ξi ψj exp [β 0 xij (tij )]
0

i=1 j=1

#
c+

X

ξi ψj exp [β 0 xij (tij )]



dλ0 (tij )

(k,l)∈Rij

∝

Ji
I Y
Y
i=1 j=1

ξi ψj exp [β 0 xij (tij )]


c+

P

(k,l)∈Rij

ξi ψj

exp [β 0 x

cλ∗0 (t)+1 ,
ij (tij )]
(A.9)

where Rij denote the set of spells still not completed just before tij . By letting
(cλ∗0 (t), c) → 0, that is assuming the baseline hazard follows a gamma noninformative prior, the marginal posterior distribution for β is proportional to
the partial likelihood.
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